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SEQUENCES & SERIES (Q 4 & 5, PAPER 1)

LessoN No. 7: PrRooFs BY INDUCTION

2005
S n

5 (b) Prove by induction that Z @r-2)= > (3n-1).
r=1

SOLUTION

STEPS

1. Prove result is true for some starting value of ne N,.

2. Assuming result is true for n = k.
3. Prove result is true for n = (k +1).

SummaTions: When proving a summation always expand as follows:

1
1. Proveitis true forn =1: Z(3r -2)=3()-2=1and g(3n—1) =%(3(1)—1) =1
=1

3. Proveitistrue forn=k+ 1:

k+1
k+1
You need to prove that Z(sr—z) {44 Tt =T (KD == (3K +2)

r=1

Using the result in step 2 = g(3k -1+ Bk+1) = kTJF1(3k +2)

— k(3K —1)+2(3K +1) = (k +1)(3k + 2)
= 3k? —k+6k+2=(k+1)(3Bk +2) = 3k*+5k + 2= (k +D)(3k + 2)
— (K+1)(3K +2) = (k+1)(3K +2)
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5 (c) Prove by induction that, for any positive integer n, x+x*+ x> +...+ x" = %
where x #1.

SOLUTION

STEPS

1. Prove result is true for some starting value of ne N,.

2. Assuming result is true for n = k.
3. Prove result is true for n = (k +1).

. - X(x" -1
Rewrite as: Z X' = %

r=1

x(x"-1) _ x(x=1) _

1
1. Prove forn=1: ZX' =x' =X and X [True forn=1]
=1

x-1 x-1
k x(x* -1)
2. Assume for n = k: Zx' ={X+ X2+ X+ +xF=20
-1 x—=1
k+1 X(Xk+l_1)
3. Prove forn =k +1: ZXr ={X+ X+ + A XFEX =
x-1

r=1

k k+1 k k+1 k+1
Using step 2: = MJr X< = X(x" 1) — x(XE=Dx™(x=1) _ x(x™" 1)

x-1 x-1 x-1 x-1

. X(X =D +x " (x-1)  x(x**-1)
x-1 x-1

Xk+l — X+ Xk+2 _ Xk+1 B X(Xk+1 _1) Xk+2 —X X(Xk+l _1) . X(Xk+l _1) B X(Xk+l _1)

x-1 x-1 x—-1 x-1 x-1 x-1
Therefore, true forn=k + 1.
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5 (b) Use induction to prove that 8 is a factor of 7°"** +1 for any positive integer n.

SoLUTION

STEPS
1. Prove result is true for some starting value of ne N,.

2. Assuming result is true for n = k.
3. Prove result is true for n = (k +1).

1. Proveforn=1.
720 41=7°11=343+1=344
344 =8 = 43 [Therefore, true for n = 1.]
2. Assume forn=k = 7" +1=8m, meN,.
3. Proveforn=k+1.
— 72(k+1)+1 +1= 72k+3 +1= 72 (72k+1)+1=49(72k+1)+1
From step 2: 7% =8m-1
= 7°° +1=49(8m—1) +1=49(8m) + 48 =8(49m+6) =8a, ac N,.

2004
5 (c) Prove by induction that 2" >n?, ne N, n> 4.

SoOLUTION

STEPS
1. Prove result is true for some starting value of n e N,.

2. Assuming result is true for n = k.
3. Prove result is true for n = (k +1).

Prove 2" >n? for all n>4.

Rewrite it as: Prove n? < 2" forall n>4.
1. Prove this statement is true for n = 4.

2. Assume it is true for n = k = k? < 2
3. Prove for n =k + 1. Show that = (k +1)* <2 = k®(1+1)* <2 x 2

FromStep 2: k?<2* k>4=>i<lio141<s
2
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5 (c) Use induction to prove that, for n a positive integer, (cosO +isin0)" =cosnd +isinno
forall 9 €R and i* = -1.

SOLUTION

STATEMENT oF DE MoIvRE’S THEOREM

(cosO +isin@)" =cosnd +isinnd forall neN,.

Proor
1. Forn =1: Prove (cos@ +isin@)' = cos10 +isin10

i.e. cos@ +isin@ =cosO +isin®. This is obviously true.

2. Forn=k: Assume (cos@ +isin@)* = coskd +isinkd

3. Forn=k+ 1: Prove (cos@ +isin0)*"* =cos(k +1)0 +isin(k +1)6

ProOF: (C0SO +isinf)**

= (cosO +isin@)*(cosO +isin@)

= (coskO +isink&)(cosO +isin@) using Step 2

= (coskB cosO —sinksinO) +i(sinkO cosO + cosko sin O)

=cos(k +1)0 +isin(k +1)0

Therefore, it is true forn=k = true forn=k + 1.

So true forn=1and true forn=k = trueforn=k+1 = true for all

neN,.




