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SEQUENCES & SERIES (Q 4 & 5, PAPER 1)

2005

4 (a) Write the recurring decimal 0-636363.... as an infinite geometric series and hence as a
fraction.

4 (b) (i) The first three terms in the binomial expansion of (1+kx)" are 1—21x +189x>
Find the value of n and the value of k.

(ii) A sequence is defined by u_ = (2—n)2"" Show that u_, —4u_.+4u_ =0, forall
n n+2 n+l n

neN.
: a+b _ [a®+b?
4 (c) (i) Show that = < ;o where a and b are real numbers.

(i) The lengths of the sides of a right-angled triangle are a, b and ¢, where c is the
length of the hypotenuse. Using the result from part (i), or otherwise, show that

a+b<cy2.

SOLUTION
4 (a)

_ 63 63 63 _ 1 1 1
0-636363... = 100 T 70000 T 000000 Tt = 63(@ + o000 + 1000000 )

ni 1 1ac" —_1 —_1
Infinite geometric series: a =1, r =

1 1
S — a 0 _ 10 _ 1
* 1-r 1-1 9 %
100 100

-.0-636363....= 63(%) = &
4 (b) (i)
(L4 k)" = (SJ(l)”(kx)‘) +m(1)“(kx)1 {2](1)”-2(1«)2 o =1- 21X +189%2 + .

=1+ nkx+@k2x2 .. =1-21X+189%> +...

Lining up coefficients: nk =-21=k =—-2 and @kz =189

= 441n-441=378n=63n=441=>n=7=k =-3
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4 (b) (i)

u =2-n2""=u_,=(-n)2""

u,=2-n2"*=u_,=@1-n)2"

=AU AU = (-n)2" —4(1-n)2" +4(2—n)2"!

=2""(-n)2* —4(1-n)2"' +4(2—-n)] = 2" [-4n—-8+8n+8—4n]=2""[0] =0

4 (c) (i)
2 2 2 2 2
a+bS fa +b :{a+b] L@ +b
2 2 2 2

2 2 2 2
a +22b+b <4 erb = a’+2ab+b®<2a’+2b?

=0<a’-2ab+b*’=(a-b)*>0

sou

4 (c) (i)

Pythagoras: a° +b* =c?

2 2 2
a+b£1/a e :>a+b£\/§:a+b30\/§
2 2 2 2

5 (a) Solve for x: Jy10—x =4—x.

: n
5 (b) Prove by induction that Z @r-2)= > (3n-1).
r=1

1
5 (c) (i) Show that log_b =log, a, wherea,b>0and a, b #1.
i L + L + ! Foeet 1 _ 1
(i1) Show that log,c  log,c log,c =~ log.c log,c’ where ¢ >0, ¢ #1.
SOLUTION
5(a)

V10— x =4-x=10-x = (4—x)? [Squaring both sides.]
=10-x=16-8x+Xx*= x> -7x+6=0

= (x-6)(x-1)=0=x=6,1

Check both solutions:

X=6: \10—6 =4—6=>+/4 =2 [Wrong]

x=1: /10-1=4-1= /9 =3 [Correct]
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5 (b)

STEPS

1. Prove result is true for some starting value of ne N,.

2. Assuming result is true for n = k.
3. Prove result is true for n = (k +1).

SummaTions: When proving a summation always expand as follows:

r=1

1
1. Proveitis true forn=1: Z(3r—2) =3(1)-2=1and g(3n—1) :%(3(1)—1) =1
=1

3. Proveitistrueforn=k+1:

k+1

k+1
You need to prove that Z(sr—z) {44 Tt =T (KD == (34 2)
r=1
: . k k+1
Using the result in step 2 = E(Sk -1+ Bk +1) = T(Bk +2)
= k(Bk-1)+2(3k +1) = (k +1)(3k + 2)
= 3k? —k +6k +2=(k +1)(3k + 2) = 3k* + 5k + 2 = (k +1)(3k + 2)
= (k+DBk+2)=(k+1)(3k+2)
5(c) (i)
LoG RuLEs
log, a 1
log, a=-——= log, M
log,b log,b log, M = —=2— [Used to change base]
log, a
log,a=1
5 (c) (i)
1 + L + 1 S + L =log, 2+log,3+log 4+....... +log,r
log,c log,c log,c log, c

=log.(2x3x4x...xr)=log (r!) =

log,, c

r!




