(© Tony Kelly & Kieran Mills)

SEQUENCES & SERIES (Q 4 & 5, PAPER 1)

2004

n n-1
4 (a) Show that 3(3} = n( . j for all natural numbers n > 3.

2 11 1
i T rztl,
4 (b) (1) Showthat (5 =y oty ~2r-1 2r+1 2
! 2
(if) Hence, find —
;(Zr—l)(2r+l)
= 2

(iii) Evaluate Zm

r=1

4 (c) (i) The sequence u;, Uy, U,,.... isgivenby u_, =./4—(u,)* and u, =a>0. For what
value of a will all the terms of the sequence be equal to each other?

(ii) p, qand r are three numbers in arithmetic sequence. Prove that p® +r? > 2q2

SOLUTION
4 (a)
(5"
To prove: 3 =n
3 2

LHS RHS
3(nJ=3x n(n-1)(n-2) _n(n-1)(n-2) n(n—lj: . (n-1)(n-2)

3 3x2x1 2 2 2
4 (b) (i)

1 1 12r+)-1(2r-1) 2r+1-2r+1 2

or-1 2r+1  (2r-1@r+1) (2r-12r+1) (2r-1)(2r+1)

4 (b) (i) Sum TABLE

n n 1 l

)3 2 122 1 :Z(z 1 1 2 : 1} Tt

— (2r =1)(2r +1) 4=\ 2r- r+ e
.1 r=2: _:]31_5

2n-1

4 (b) (iii) I
. , r=n-% %03 211
Z(Zr—l)(2r+1) =1 I
E =0 2n1 2+t
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4 (c) (i)
U, = 4_(un)2 = U, = V4_u12

u, =a=a=+v4-a? [Asall the terms are equal u, =u, =a]

snal=4-a’=2a’=4=a’=2=a=+/2 [Remembera > 0]

4 (c) (i)

p, g, r—a, a+d, a+2d [Arithmetic sequence]
p>+r’>2q°=a’+(a+2d)*>2(a+d)’
= a’+a’+4ad +4d°>2(a*+2ad +d?)
= a’+a’ +4ad +4d* >2a*+4ad +2d?

= 2d* >0 [This is always true.]

1 6
5 (a) Find the fifth term in the expansion of (XZ —;j and show that it is independent of x.

5 (b) (i) In a geometric series, the second term is 8 and the fifth term is 27. Find the first

term and the common ratio.
(ii) Solve log, x—log,(x—2) = 1.
5 (c) Prove by induction that 2" >n?, ne N, n>4.

SoLUTION
5(a)

Uy =2, r=4,n=6

ur+1

= "C,00"" ()’ =[:j(x)""(y)'

6) oy 1Y) _
el oJor() -

5 (b) (i)

4 —_—
ar” =217 —rd= % =r :% The forty-third term of a geometric
ar =8 sequence is written as u,, = ar*

ar=8=a(3)=8=a=2%

5 (b) (i)

X
log, x—log,(x—-2)=1=lo _~ =1
gA 94( ) 2 94()( 2) 2

Loc RuULEs

2. log, M —log, N =log, (%)

:(%):4%=2:>x=2(x—2):>x=2x—4:>x=4
X_
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3(c)

StePS
1. Prove result is true for some starting value of n e N,.

2. Assuming result is true for n = k.
3. Prove result is true for n = (k +1).

Prove 2" >n? for all n>4.

Rewrite it as: Prove n? <2" forall n>4.
1. Prove this statement is true for n = 4.

2. Assume it is true forn = k = k? < 2
3. Prove for n = k + 1. Show that = (k +1)* < 2" = k*(1+1)? < 2*x 2

FromStep 2: k*<2* k>4—=i<li—14i<s
2




