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SEQUENCES & SERIES (Q 4 & 5, PAPER 1)

2003

4 (a) Express the recurring decimal 0-252525... in the form § where p, ge N and q 0.

4 (b) In an arithmetic series, the sum of the second term and the fifth term is 18. The sixth
term is greater than the third term by 9.

(i) Find the first term and the common difference.

(if) What is the smallest value of n such that S, > 600, where S, is the sum of the
first n terms of the series?

4 (c) (i) u,, uy, Uy, Uy, Ug, ...... is a sequence where u, =2 and u,,, = (-1)"u, +3. Evaluate
U,, Uy, Uy, Us and uy,.

(if) a, b, c, d are the first, second, third and fourth terms of a geometric sequence,
respectively. Prove that a* —b® —c*+d?* > 0.

SoLUTION
4 (a)

_ 25 25 25 _ 1 1 1
0-252525...= 700 T To000 T 1000000 Tt = 25(@ + 10000 T 7000000 T )

Infinite geometric series: a ==, r =2
g 700 700 Sw:i,—l<r<1 ....... 6
1 1 1-r
© 99
= l=xs 5

. _ 1) _25
..0-252525.... = 25(@) =&
4 (b) (i)
u,=a+ d Generalterm:|u =a+(n-1d |....... e
U, =a+2d Summing formula: | S| =2[2a+(n-1)d] | ....... e
us = a+4d

The fifty-sixth term of an arithmetic sequence: u., = a+55d

us = a+5d i i =

U, +u; =18=a+d+a+4d =18= 2a+5d =18....(1)

Ug=U;+9=a+5d =a+2d +9=3d =9=d =3....(2)

Substituting the value for d into equation (2): = 2a+5(3)=18=>2a=3=>a=3
4 (b) (ii)

S, =5[2a+(n—-1)d]=600= 2[2(3) + (n—1)(3)] = 600

= 1[3+3n-3]=600= 3n* =1200 = n* = 400 = n = 20

The question asks what is the smallest value of n for the sum to exceed 600. 21 terms are
needed to exceed this value.
ANsSWER: n =21
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4(c) (i)

u, =2

u, =(-1)'y, +3=-2+3=1

u, = (-)%u,+3=1+3=4

u, =(-1)°u,+3=-4+3=-1

u, = (-1)*u, +3=-1+3=2 [The sequence starts repeating.]
2,1,4,-1,2,1,4,-1,2,1 4,-1,......

As can be seen the tenth term u,, =1.

4 (c) (ii)

a, b, c,d—a, ar, ar?, ar® [Terms of a geometric sequence]
a’-b’-c*+d’>0=a*-a’r’-a’r*+a’r’ >0
=a’l-r’ -r'+r®>0=>1-r*-r*+r°>0
=11-r)-r*@-r)>0= (1-r*)(1-r?) >0

= A-r)A+r>)1-r?)>0= 1-r?)*@+r?) >0 [This s true for all values of r.]

5 (a) Solve for x: Xx=~+/7Xx—-6+2.

5 (b) Use induction to prove that 8 is a factor of 7°"** +1 for any positive integer n.

8
5 (c) Consider the binomial expansion of (ax+bij , Where a and b are non-zero real
X

numbers.
(i) Write down the general term.
(i) Given that the coefficient of x? is the equal to the coefficient of x‘, show that

ab=2.

SOLUTION
5()

X=v7X—6+2= (x—2)=+/7x—6 [Isolate the surd expression.]
=(x=2)?=7x-6=Xx*-4x+4=7x-6

= x*-11x+10=0= (x-10)(x-1) = 0= x =1, 10
Check solutions:

x=1:1=/71)-6+2=1=1+2=1=1+2 [Not a solution]

x=10: 10=/7(10) -6 +2 =10=+/64 +2 =10=8+2 [Works]
ANswEeR: X = 10
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5 (b)

STEPS
1. Prove result is true for some starting value of ne N,.

2. Assuming result is true for n = k.
3. Prove result is true for n = (k +1).

1. Prove forn=1.

720" 11 =7 11=343+1=344
344 =8 = 43 [Therefore, true forn =1.]

2. Assume forn=k = 7% +1=8m, meN,.
3. Prove forn=k+1.

o 72(k+l)+l+1: 72k+3 +l: 72 (72k+l)+1: 49(72k+1)+1
From step 2: 7% =8m-1
— 77442 1~ 49(8m —1) + 1= 49(8m) + 48 = 8(49m + 6) = 8a, a e N,

5(c) (i)
1 ’ n n-r r n n-r r
General term of (ax+b—j U, ="C.(x)""(y) = ) ") L
X
n=8,r="?
8 sr( 1Y
u .= ax =
(1) ()
5 (c) (ii)
8-r,8-r 8-r
Tidy up the answer above = u, , = 818 _[8)fa ) or
r) b'x" r)L b

X* term: 8-2r=2=r=3
x* term: 8—-2r=4=r=2

8 2 8 &
Coefficient of x* = Coefficient of x* = a_3 = a_2
3/lb 2/{b

5 6
—56( 2 |28l 2 | 2[t)camab=2
b b b




