SEQUENCES & SERIES (Q 4 & 5, PAPER 1)
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4. (a) Inanarithmetic sequence, the third term is—3 and the sixth term is—15.
Find the first term and the common difference.
(b) Letu,=1(3)"+m(-1)" forall ne N.

(i) \erifythatu satisfiesthe equation 2u,,, +u,,, —u, =0.

n

(i) Ifa, =u, +u,,,, expressa, intermsofkand|.

(iii) Find D_a, intermsof .
k=1

(iv) For I >0, find the least positive integer n for which

Zn:ak > (0.99)51 a.
k=1 k=1

SoLuUTION
4 (a)

Generalterm: |u, =a+(n-1)d

The fifty-sixth term of an arithmetic sequence: u., = a+55d

Uu,=-3=a+2d=-3....... (@)
U =—15=a+5d =-15....(2)

a+2d =-3....(0)(x—1)

a+5d =-15....(2)
-a-2d =3
a+5d=-15

d=-12=>d=-4
Substitute this value of d into Eqn (1):
a+2(-4)=-3
a-8-=-3
.a=5




4 (b) (i)
u, =13)"+m(-1)"
Uy, = 13" +m(-1)™

l"In+2 = I(%)TH-Z + m(_l)n+2

2un+2 Uy, —U
=2[0(3)" +m=D)"* 1+ 13" + m=1)""1-[1(3)" +m(-1)"]
=21(H)™% +2m(=D)" + 1) +m(=)"* —1(3)" —=m(-1)"
=21(H)™ +1(2)™ =1(2)" + 2m(-D)"? + m(-)™* - m(-1)"
=()'12G3)° +1G) - 11+ (-1)"[2m(-1)° + m(-2)" - m]
=(@)"[2E@)+1E) -1+ (D" [2m—m—m]
=@ +z1-11+ (D [2m—m—m]
=(®)"[01+(-1)"[]
=0
4 (b) (i)
& = Uy +Uyy

=13 +m(-D)* +1(3)“* + m(-1)**

=1 +1E) " +m(=D)* + m(=1)**

=3I +1G)'1+ (D) [m+m(-1)]

=(3) 1 +311+ (=1) [m—m]

=®) B+ (D[0]

n

=313

4 (b) (iii)
>a =Y ) S,= - -l<r<l
k=1 k=1

=41+ @Y +@ +

_3
_EI

4 (b) (iv)

D a> (o.sag)iak
k=1 k=1

Zak :%|Z(%)k Summing formula: | S :ag%:)”)
=3[ + @)+ G+ +(D)"T——— )+ 3P+ 3 F e, +(4)"
=31[1-()'] a=4r=}

s - ;(11—_ B _10-G)) gy

2

2




Solve the equality:

Zn:ak = (O.SJSJ)Z.o:ak
1 (] = 0.99)2]
1-(3)"=0.99
0.01=(3)"

log,,(0.01) =nlog,,(0.5)

ne log,,(0.01)

= = 6.64
log,,(0.5)

Therefore, the least positive integer n for which the statement holdsisn=7.

5. (a) Findthe coefficient of x® in the expansion of (x> —1)*°.

(b) (i) Solvetheequation:
log, x—log,(x—-1) =4log, 2.

(i) Solve the equation:

37 -17(3")-6=0.
Give your answer correct to two decimal places.

(c) Prove by induction that 9 is a factor of 52" + 2*™? forall ne N.
SOLUTION
5(a)

10
Uryg Z( . J(Xz)m_r (-0’ Uy ="C ()" (V)" = (:j(x)”'r(Y)r

— (10j (_1)r X20—2r
r

Equate the powers and solve forr: 20—-2r =8

12=2r
S r=6
10 10
r=6:u, :( 6 j(—l)ex”'“f” =( 6 jxg =210x°

Coefficient: 210




5(b) (i)

Get out of logs by hooshing, i.e. hoosh a under the y and rub out the

log. log,x=y < x=a’
Log Statement Power Statement
log,2=y=4"=2
@y =2
22y — 21

L2y=l=>y=1%

log, x—log,(x—-1) =4log, 2

log, M —log, N = Ioga(—j

M
N

Iogz[xi_l]ﬂt(%)

4 =3x
SX=

5(b) (i)

371 _17(3)-6=0
(3°)*(3")-17(3")-6=0
3(3")*-17(3")-6=0

[S1EN

Letu=3"
3u’-17u—-6=0
Bu+D(u-6)=0
S Uu=-3,6

F=-1 3=6

No solutions xlog,, 3=log,, 6

x=1900 _ 63
log,, 3




5(c)

StePs
1. Prove result is true for some starting value of n e N,.

2. Assuming result is true for n = k.
3. Prove result is true for n = (k +1).

1.Prove forn=1:
52(1)+1 n 24(1)+2

=5°+2°
=125+64
=189
189
<5 -

2. Assume for n=k:

52k+1+24k+2 :9m’ m ENO

— 52k+l — gm _ 24k+2

21

3.Prove forn=(k + 1):
52(k+l)+l + 24(k+1)+2

— 52k+3 + 24k+6
—5? (52k+1) | hk+6
= 25(9m — 2%+2) 4 2%+*
= 25x9m — 25x 2#+? 4. 24®
=25x9m - 2**?[25 - 2]
=25x9m - 2**?[25-16]
=25x9m—2%*"2x9
=9[25x m—2**?]
=9a,aeN,

Therefore, itistrue forn=k = trueforn=k+ 1.
Sotrueforn=1andtrueforn=k = trueforn=k+1 = trueforall ne N,.




