SEQUENCES & SERIES (Q 4 & 5, PAPER 1)
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4 (a) The first three terms of a geometric sequence are
2X—4,x+1,x-3.
Find the two possible values of x.

4 (b) Giventhat u, =3 (4" —2") for all integers n, show that
u,,=2u, +4"
4 (c) (i) Given that g(x) =1+ 2x+3x* +4x>... where —1< x <1, show that

1
g(X)=W-

(i) P(n)=u,u,u.u,..u, where u, =ar** fork=1,2,3,..,nand a, reR.

Write P(n) in the form a"r "™ where f (n) is a quadratic expression in n.

SoLuTION
4 (a)
. u
Test for a geometric sequence: —* = Constant = r
un
Xx+1 x-3
2x—4  x+1

= (x+1)? = (2x—4)(x-23)
= X*+2x+1=2x*-10x+12
= x*—12x+11=0

= (x-1)(x-11)=0

Sox=111

4 (b)

un =%(4n _2n) - un+1 =%(4n+1_2n+1)
LHS RHS
Uy = 2@ -2 | gy g
=3(4x4"-2x2") = 2L (4" —2")]+4"
=2x4" 2" — 4" 2N 4"

=2x4"-2"




4(c) (1)

g(x) =1+ 2X+3X* +4x° +....
xg(X) = X+2x*+3x°+
g(x)=xg(x)=  X+X*+X>+....

= 1L-X)g(X) =x+ x>+ x> +....

X+ X* +x% +.... is an infinite geometric series.
a=xr=x

a
S =——, -1<r<l
X el (6

X
S (@Q=-x)g(x)=—
1-x
X
X)=—
=9(x) T
4 (c) (i)
P(n) =uu,u,u,....u
= P(n) = (ar®)(ar')(ar?)(ar®).......(ar"™")
= P(n) — an(r0+l+2+3+....+n—1)
The power of r is an arithmetic series witha =0, d = 1.

Sy =2[2(0)+ (n-D)1] 03}

S, =[2a+(n-1d] | ......
=S, =2(n-1) il i

S P(n)=a"r"?

5 (a) Express the recurring decimal 1.2 in the form 2 where a, beN.

5 (b) Prove by induction that n!'> 2", ne N, n>4.

5 (c) (i) Solve for x
2log, x =1 +1log,(5x+18), x> 0.

(i) Solve for x

3 -7+2e=0.
SOLUTION
5(a)
i, 21 2., =1+ E vt =l A+ ]
Consider the expression in the bracket: a=1, r=—=S ; 11 :%
T 10

212=1+2(9)=1+2=1




5 (b)

STEPS
1. Prove result is true for some starting value of ne N,.

2. Assuming result is true for n = k.
3. Prove result is true for n = (k +1).

1. Prove this statement is true for n = 4.
41> 2* — 24 >16. Therefore, it is true for n = 4.

2. Assume it is true forn =k = k1> 2%,
3. Prove for n = k + 1. Show that (k +1)!> 2",

(k+D'=kI(k+1) > 2 % 2 [This statement is true as the red part is
— T~ T T trueand the blue part is true.]

k>4=k+1>5>2 From Step 2: k!> 2

Therefore, itis true forn=k = trueforn=k + 1.
Sotrue forn=1and true forn=k — trueforn=k+1 = true forall neN,.

5(c) (i)

2log, X =1 +log, (5x +18) [ oo Futis )

= 2log, x ~log, (5x +18) = 1. log, M +log, N =log, (MN)
X ), . "

= log, (5x+18] =1 [Using log rules 1 and 3.] 2. log, M —log, N = 'Oga[ﬁ]

- x? _gt_3 3. Nlog, M =log,(M")

5x+18 L )
= x* =3(5x+18)

= x* =15x+54

= x*-15x-54=0

= (x-18)(x+3)=0

. x=18, ~3as x>0
5(c) (i)

STEPS: SOLVING Sums OF EXPONENTIAL FUNCTIONS

1. Isolate the common exponential function by putting it in brackets.

2. Make a substitution by putting the object inside the bracket equal to
a letter, say u.

3. Solve the resulting quadratic.

4. Find all answers for the original variable.

1. 3ex—7+2e‘X=0:3eX—7+e%=0 4. e = X=2
= Ine* =In(3) =Ine*=1In2

2.Letu=eX:3u—7+z:0 =Xx=Inl1-In3 s X=In2
u

w|~

S X=-=In3
3.3 -7u+2=0=Bu-D(u-2)=0
su=3,2




