SEQUENCES & SERIES (Q 4 & 5, PAPER 1)
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4  (a) Find the sum to infinity of the geometric series

1+(3)+(2)? +(3)° +...

(b) If for all integers n,
u =3+n(n-1>
show that

u.,,—u =3n*-n.

1 1 1 1
¢) Show that for n a natural number =— =
© 4an* -1 2(2n—1 2n+1)

SoLuUTION
4 (a)

a:l,r:% S :i,—l<r<l

4 (b)
u, =3+n(n-1)>?
S, =3+ (n+D(n+1-1)° =3+ (n+1)n’

Upg =Uy =

=3+(n+Dn’ —[3+n(n-1)%]
=Z+(n+)n? - Z —n(n-1)>
=n*+n*-n(n’-2n+1)
=% +n’ = p€ +2n2 —n

=3n°—-n




4(c)

1 1 1

E(Zn—1_2n+l)
_1{1(2n+1)-1(2n-1)
_E( (2n—-1)(2n+1) ]

:1[%+1—%+1J

2\ (2n-1)(2n+1)
1 ( 4 ] 1

(2n-1)(2n+1) ) (2n-1)(2n+1)

7
1
4n% -1

S_i 1 _;”(1_1}
" &d4n’-1 24=(2n-1 2n+1

1 1 9 1
— — > X —
2 2r+1) 100 2
1 99
=1- =
2r+1 100
:>1—99>1:>1>1 iti 11
100 2r+1 100 2r+1 Remember for whole positive numbersa, b: If a>b= <4
=100<2r+1=99<2r

>2<r=r>2
s.r>50asreN.




5 (a) Find the value of the term which is independent of x in the expansion of

(-]
X“==1.
X

(b) Solve

log,(x—2) =1-log,(x—6), xe R, x> 6.

(c) Letu,=(@1+x)"-1-nx for neN,,xeR and x>-1 and where u, =u,(X).
Show that
Uy 2 U,
(1) whenx=0
(i) whenx>0
(iii) when 1< x<0.
Show that u, > 0.
Hence, or otherwise, deduce that
@+x)"=21+nx, x>-1.
SOLUTION
5(a)

9 r
Uy, = U (x*)* G] s ="C, ()" (y)" = (’r‘}x)“"(y)f ....... @

9 X18—2r
= ul’+l = r Xr

9
18-3r
= ur+l = (r X

Term independent of x: Power of x is zero.
~18-3r=0=>r=56

U —ngx°—84
S| X

5 (b)

log. (x—2) =1—-log.(x —6)
= log,(x—2)+log.(x—-6)=1
= log;(x—-2)(x—-6)=1

= (x—2)(x-6) =5"

= X’ -8x+12=5

= Xx*-8x+7=0

= (x-D)(x-7)=0

Sx=17

Only use x =7 as x = 1 will give you the log of a negative number which is illegal.

Lo RuLEs
1. log, M +log, N =log, (MN)




5(c)
u, =@+x)" -1-nx
= Uy = (1+ X)n+l -1- (n +1)X = (1+ X)n+1 —1-nx-—x

u,., 22U, =u,, —u =0

= A+X)" =L -k —x—1+X)"+ L+ pK >0
= @1+x)" - (1+x)"-x=>0
= 1+ x)"[L+x)-1]-x>0
= X(1+x)"-x>0

= x[(Ll+x)"-1]>0

5(c) (i)

x=0:

= (0)[(L+0)" -1]

=0[0] =0 [This is true.]

5 (c) (i)

x> 0:

X IS a positive number.

(L+x)" is a positive number greater than 1.

n+1

- [(@+x)" 1] is a positive number.

XA+ x)"-1>0

5 (c) (i)
-1<x<0:
X Is a negative number.

(L+x)" is a positive number between 0 and 1.
- [(@+x)" —1] is a negative number.

SX[@A+x)"-1>0

u, = (1+x)* -1-2x
= U, =1+2x+x* -1-2x
SUu,=x>0
You need to deduce that (1+x)" >1+ nx
= [1+x)"-1-nx>0
=u,=0
u,=0
= U, > U, [Because you have already proved that u,,, > u,.]
=u, >U,




