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(b) f(x)=f(0)+

’ " 2 " 3
FOx  F'(0)x°  f"(O)x

8 (a) Use integration by parts to find Ixexdx.

1!

2! 3!

+... is the Maclaurin series.

Derive the Maclaurin series for f(x)=cosx up to and including the term

containing x°
Hence write down the general term of the Maclaurin series for f (x) = cos x.

Use the ratio test to show that the series converges for all x € R.

(c) A solid cylinder of radius r and height h has a fixed volume K.

(i) Expresshintermsofr, = and K.

(if) Find the ratio r:h when the total surface area of the cylinder is a minimum.
Give your answer as a ratio of natural numbers.

SoLuTION
8 (a)

PARTS FORMULA

.fu dv=uv—_[vdu

2.

STEPS

1. Call the original integral I (ignore limits of integration).

Let u equal the higher function in the list and find du by differentiation;

Let dv equal what is left and find v by integration.
Note: LIATE helps you to remember the order.

Substitute into Parts Formula. You will now be left with le du. You will either

be able to integrate this integral normally or you must integrate by parts again.

List of Functions
1. Log

2. Inverse Trig

3. Algebraic

4. Trigonometry
5. Exponential

1.
2.

3. 1= x(ex)—jexdx

Sl =xe*—e*+c

4. If there are limits of integration, do them at the end.
| = J‘ xe*dx

u=x dv =e"dx

du=dx v=¢e*




8 (b)

THE MACLAURIN FOrRMULA

) 0! u 2! 3!

_fOxX, fOx  fOx f"Ox

(n) n
LR

o, |..©

f(x)=cosx= f(0)=1
f'(x)=-sinx= f'(0)=0
f"(x)=—-cosx= f"(0)=-1
f"(x)=sinx= f"(0)=0
f(x)=cosx= f"(0)=1
f'(x)=-sinx= f"(0)=0
f”(x)=-cosx= f"(0)=-1

x° oxt 1x* 0x* 1x* ox> 1x8

COSX=—+——-——+—+—+———
or 1 2 31 41 51 6!
2 X4 X6
cosx=1-—+———
2! 41 6!

STEPS TO FIND GENERAL TERM

T,=a+(n-0d |.... 0

2. Sometimes the signs alternate: +, —, +, —, +,
to achieve this alternation.

1. The powers and coefficients of each series are in an arithmetic series. Use
the formula for the general term of an arithmetic series T, to generate u,.

s Multiply by (-1)"*

Powers, Factorial: 0, 2, 4,..... [Arithmetic series a = 0,

T,=0+(n-)2=2n-2
Signs alternate.

2n-2
X

Therefore, general term for cos x: u, = (-1)""

(2n—2)!

d=2]

S L. lu
Zun is convergent if lim|—
n=1 nN—owo

<1. Itis divergent if lim

un+1

un

>1........ e

n—o0

STEPS

1. Read off u, from 2 U
n=1
2. Find u,,,.

un+l

un

un+1

uﬂ

L If lim

n—w

3. Evaluate lim

n—oo

un+l

un

un+l

un

lim

n—owo

>1the series is divergent. If lim

n—>o

<1 the series is convergent. If

=1 the test is inconclusive.




B (_1)n—1 X2n—2

1. u,

(2n-2)!

_ 1\ y2n
2. un+1:M

(2n)!

1\ y2n — 2] B 2
&l "r[l Unsg =|ir2( 1)"x y _(22_1 22)n._2|="r2| ( 1)X_ _
ol U | o] (2n) T (<1)"EXEE| T e |(2n)(2n—1)

Therefore, the series is convergent for all x e R.

8 (c)

STEPS

1.

w N

8]

Identify the quantity to be maximised/minimised and give it a
suitable symbol. Example: V for volume.

. Draw a diagram (if necessary) and put in the variable(s).
. Write the quantity in terms of this/these variable(s).
. If there are 2 variables get rid of one in terms of the other using extra

information.

. Hence, write the quantity as a function of a single variable.
. Differentiate the quantity with respect to the variable. Set it equal to

zero and solve for the variable.

. Substitute the value of the variable back into the quantity to find the

maximum/minimum value.

1. Surface Area, A
Diagram shown. T

A=2xr’>+2rrh

4. K=rgr’*h=>h=—

5 A=2rr? +27rr(£j

= A=2rr? +2(5j

K h
2
nr -

r?

r

SA=27r +2Krt

6. d—'A‘:4nr—2Kr’2 :4nr—¥
dr r
d—AzO:>47rr=2—'2<
dr r
:>2r:L2

r
=2r=nh
==}
“r:h=1:2
ANSWERS:

8 (c) (i) % (ii) 1:2




