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CaLcurus OrpTioN (Q 8, PAPER 2)

2007

8 (a) pand q are real numbers such that p + g =1.
Find the value of p that maximizes the product pg.

(b) (i) Derive the Maclaurin series for f(x)=(1+x)"™ up to an including the

term containing x°.

(if) Given that the general term of the series f(x) is
m(m-1)(m-2)....... (m-r+1) o

r!
show that the series converges for —1< x <1.

1

(c) Evaluatej tan™ x dx.
0

SoLuTION
8 (a)
STEPS
1. Identify the quantity to be maximized/minimized and give it a
suitable symbol. Example: V for volume.
2. Draw a diagram (if necessary) and put in the variable(s).
3. Write the quantity in terms of this/these variable(s).
4. If there are 2 variables get rid of one in terms of the other using extra
information.
5. Hence, write the quantity as a function of a single variable.
6. Differentiate the quantity with respect to the variable. Set it equal to
zero and solve for the variable.
7. Substitute the value of the variable back into the quantity to find the
maximum/minimum value.
1. Product, P
2. No diagram needed.
3. P=pg
4. p+g=1=q=1-p [Extrainformation]
2
5 P=pl-p)=p-p
dP
6. —=1-2p=0=p=3

dp
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8 (b) (i)

f(x)

0! u 2! 3! n!

0 ' 1 " 2 " 3 (m n
_f@x" f'Ox , £7x* , f"Ox  fTOxX

f(X)=(1+x)" = f(0)=1

f/(x) =m(@L+x)"" = £'(0)=m

£7(x) = m(m=1)(L+x)"2 = f"(0) = m(m-1)

£7(x) = m(m—-1)(m—2)L+x)"> = f"(0) = m(m—1)(m—2)

mx m(m-1)x°
1! 2!

()

. m(m-1)(m-2)x°
3!

(5)°

= @A+x)" =1+

= [1+x)"

8 (b) (ii)

oo e L lu
Zun is convergent if lim|—L
n—oo

<1. Itisdivergentif lim
n=1

n—o

un+1

uﬂ

>1.

STEPS

1. Read off u, from zun'

n=1

2. Find u,,,.

un+1

un

un+1

un

Evaluate lim

n—oo

. If lim

n—ow

<1 the series is convergent. If

un+1

un+1

un

lim

n—w

>1the series is divergent. If lim

=1 the test is inconclusive.

y = m(m—l)(m—2)'. ...... (m—r+1) o
r!
_mm-1(m-2)....(m-r) ..

B (r+1)!

r+l

r+l

lim Y| — fim m(m-1)(m-2)......(m—r)x

r! |

r—oo r—ow

u, (r+2)!

x(m=r)
(r+1)

Xr(:™-1)
rad+3)

=lim

r—oo

=lim

r—oo

=[x

Series converges for |x|<1= -1<x<1

m(m-21)(m-2)

....... (m-r+1)x" |
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8(c)

Iudv:uv—jvdu

This formula is on
page 42 of the tables.

STEPS

parts again.

1. Call the original integral I (ignore limits of integration).

2. Let u equal the higher function in the list and find du by differentiation;
Let dv equal what is left and find v by integration.
NoTe: LIATE helps you to remember the order.

3. Substitute into Parts Formula. You will now be left with J'v du. You will

either be able to integrate this integral normally or you must integrate by

4. If there are limits of integration, do them at the end.

=

I :Itan‘lxdx

u=tan*x dv =1dx
1 V=X

du=——dx
1+x

w

dx

o :xtan‘lx—J‘ :
1+X

X
Find I dX by substitution. ——

1+ x°

sl =xtanx—1In(l+x*) +c

Let u=1+x* = du =2xdx = du = xdx

X du
.[1+x2 dx:%J‘T:%Inu:%ln(sz)-kc

4. .1 =[xtanx—1In@+x*)]; =[(Ltan*1-LIn(L+1)) - (Otan* 0—LIn(1+0))]

~[(3-3In2) - (0-0)]=5-}In2




