
LESSON NO. 9: DIFFERENTIATING FROM FIRST PRINCIPLES

DIFFERENTIATION & APPLICATIONS (Q 6 & 7, PAPER 1)
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6 (c)  Prove by induction that d
dx

x nx n nn n( ) , , .= ≥ ∈−1 1 N

7 (a) Find from first principles the derivative of x2  with respect to x.

STATEMENT: If y xn=  prove dy
dx

nxn= −1  for all n∈N0 .

STEP 3. n = k + 1: Prove y x dy
dx

k xk k= ⇒ = ++1 1( )

PROOF: y x x x dy
dx

x x kxk k k k= = × ⇒ = × + ×+ −1 11  (Product Rule)

= + = +x kx x kk k k ( )1

PROOF

STEP 1. For n = 1: Prove y x dy
dx

= ⇒ =1 1

y = x
y + Δy = x + Δx

Δy = Δx

∴ =
Δ
Δ

y
x

1 ⇒ = =
→

lim
Δ

Δ
Δx

y
x

dy
dx0

1

STEP 2. n = k: Assume y x dy
dx

kxk k= ⇒ = −1

SOLUTION

y y x x x x x x+ = + = + +Δ Δ Δ Δ( ) ( )2 2 22

y x= 2

Δ Δ Δy x x x= +2 2( )   by subtraction

∴ = +
Δ
Δ

Δ
y
x

x x2 ⇒ = =
→

dy
dx

y
x

x
x

lim
Δ

Δ
Δ0

2

SOLUTION
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6 (b) (ii) Differentiate, from first principles, cos x  with respect to x.

SOLUTION

y f x x= =( ) cos
y y x x+ = +Δ Δcos( )
y x= cos

∴ = + − = − +Δ Δ Δ Δy x x x x x xcos( ) cos sin( )sin( )2 2 2

∴ = − +
Δ
Δ

Δ
Δ

Δ

y
x

x x
x

x
sin( ) sin( )

( )2
2

2

∴ = = − ×
→

dy
dx

y
x

x
x

lim sin
Δ

Δ
Δ0

1

= −sin x

.......  20
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6 (b) (i) Prove, from first principles, the addition rule:

if f x u x v x( ) ( ) ( )= +  then 
df
dx

du
dx

dv
dx

= + .

lim sin
θ

θ
θ→

=
0

1

SOLUTION

1. SUM RULE: If y = u + v then  
dy
dx

du
dx

dv
dx

= +

PROOF

y + Δy  = (u + Δu) + (v + Δv)
y = u + v

Δy = Δu + Δv

∴ = +
Δ
Δ

Δ
Δ

Δ
Δ

y
x

u
x

v
x
⇒ = = +

→
lim
Δ

Δ
Δx

y
x

dy
dx

du
dx

dv
dx0
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6 (b) (ii) Now, find from first principles the derivative of x  with respect to x.

y f x x= =( )

y y x x+ = +Δ Δ

y x=

∴ = + − =
+ −

×
+ +
+ +

Δ Δ
Δ Δ

Δ
y x x x x x x x x x

x x x1

∴ =
+ −
+ +

=
+ +

Δ
Δ
Δ

Δ
Δ

y x x x
x x x

x
x x x

∴ =
+ +

Δ
Δ Δ

y
x x x x

1
 ⇒ = =

→

dy
dx

y
x xx

lim
Δ

Δ
Δ0

1
2

SOLUTION
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