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DIFFERENTIATION & APPLICATIONS (Q 6 & 7, PAPER 1)

& _ [cos(3x® —X)]x (6x —1)
dx

2009
6 (a) Differentiate sin(3x* —x) with respect to x.
(b) (i) Differentiate \/x with respect to x, from first principles.
(if) An object moves in a straight line such that its distance from a fixed point is
given by s=+/t>+1, where s is in metres and t is in seconds.
Find the speed of the object when t = 5 seconds.
(c) The equation of acurveis y = LB
X —
(i) Write down the equations of the asymptotes and hence sketch the curve.
(if) Prove that no two tangents to the curve are perpendicular to each other.
SOLUTION
6 (a)
y =sin(3x* — X) dy

y =sin f(X) = —==cos f (x) x f'(x)
dx

= (6x—1) cos(3x* — x)

6 (b) (i)
dy 1
F P P 51f y= —=—
IRST PRINCIPLES PROOF y=Jx = T
Proor
Y+ Ay = /X + AX
y=x
(\/X+AX+\/;)
AY =X+ AX =X = (VX +AX — WATARFTNY)
y x+xf(x+xﬁ)x(m+&)
_ XHAX=X AX
Wx+Ax+x)  (Ix+Ax++/x)
Ay 1 dy . Ay

1
= —=lim—=—==
A (x+ax++/x) dx 800Ax 24k
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6 (b) (ii)
s=+t? +1=(t2 +1)!
v=3_re ity =

dt Vt2 +1

5

ds
dt

dt js 5°+1 J26

6 (c) (i)

Put the denominator equal to zero to find the vertical asymptote of the curve.
Find limy to find the horizontal asymptote of the curve.

X—>00

Vertical asymptote: x—3=0=x=3 1y |‘
\
Horizontal asymptote: limy = Iim(%):o \
AKX =0 =
— x'
N
x=3
6 (c) (ii)
2
=———=2(x-3)™"
== AR
m:d—y:—Z(x— e =— 2 -
dx (x=2)

The slope m of the tangent to the curve is negative for all values of x. A perpendicular
tangent needs a positive slope as the product of perpendicular slopes is equal to -1

(m,xm, =-1). Therefore, no two tangents are perpendicular as there are no tangents that
have positive slopes.
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7 (a) The equation of a curve is x* —y* = 25. Find % in terms of x and y.
X

(b) A curve is defined by the parametric equations

3t

X=
t? -2

d y:%, where t # ++/2.

(i) Find o) in terms of t.
dx

(if) Find the equation of the tangent to the curve at the point given by t = 2.

(c) The function f(x)=x>—-3x*+3x—4 has only one root.
(i) Show that the root lies between 2 and 3.

Anne and Barry are each using the Newton-Raphson method to approximate the
root. Anne is starting with 2 as a first approximation and Barry is starting with 3.

(if) Show that Anne’s starting approximation is closer to the root than Barry’s.
(That is, show that the root is less than 2.5.)

(iii) Show, however, that Barry’s next approximation is closer to the root than

Anne’s,
SOLUTION
7(a)
X —y?>=25
dy
2x-2y—==0
y dx
dy
X=y—=
y dx
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7 (b) (i)

6

= =6(t*-2)"
Y=o (t"-2)
dy 5 P 12t
= =-6(t*-2)?(2t)=——F5—=
it (t"-2)"(21) ©_2)
o &
t?-2

dx _ (t°-2)3-3t(2t) 3t°-6-6t" -3t°-6_ 3t°+6
dt (t*—2)? (t*-2?* (t*-2? (t*-2)°

dy) 12t
dy \dt)_ (*-2° 12t 4t

dx (dxj___&2+6::$2+6=t2+2

dt)  (t°-2)7°
7 (b) (ii)
m_(d_v) _ 4@ _8_4
ldx ), (@%+2 6 3
Lo 32 _6_,
(2°-2 2
6 6
Vo2 2>

Equation of tangent t: Point (3, 3), m=2
t:4x-3y+k=0
(3,3)et=4(3)-3(3)+k =0
12-9+k =0
3+k=0
k=-3
t:4x-3y—-3=0
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7(c) (i)

f(x)=x>-3x*+3x—4

f(2)=(2)°-3(2) +3(2)-4=8-12+6-4=-2<0

(3 =(3)°-3(3)*+3(3)-4=27-27+9-4=5>0

There is a root between 2 and 3 and the sign of the function changes for f (2) and f (3).

7(c) (ii)

Anne: x, =2

Barry: x, =3

f(2.5) = (2.5)° -3(2.5)* +3(2.5) -4 =0.375>0

As the f (2.5) is greater than zero, the root lies between 2 and 2.5 which means that Anne’s
starting approximation is closer to the root.

7 (c) (iii)
f(x)=x>-3x*+3x—4 f(x)
f'(x) =3x*—6x+3 =T )
Anne: x, =2 - f(2) —2_ - —2
f'(2) 3(2)°-6(2)+3
—2+#=2+g=§z2.67
12-12+3 3 3
Barry: x, =3- S =3-—= >
f'(3) 3(3)°-6(3)+3
3o 3.2 3 e

T27-18+3 12 12




