DIFFERENTIATION & APPLICATIONS (Q 6 & 7, PAPER 1)

1997

6 (a) Differentiate
(i) x*+2x

k,peZ.

SoLuTION
6 (a) (i)
y =X +24/x = X3+ 2x*

:ﬂ:3x2+2x%x’% =3 +X*
dx
.'.d—y:3x2+i1:3x2+i

dx X? Jx
6 (a) (ii)

(i) Let f(x)=sin* x+cos* x.
Find the derivative of f(x) and express it in the form ksin px, where

(i) (x+2)Inx.

(©) Ifsiny=21@1-x%) for —/3 < x<+/3,
calculate the value of a and the value of b when

dyY a b
(&) “3x 1rx 2PENo

n

y=x"=

dy .
dx

nx

y=(x+2)Inx
= dy =(x+2)3)+(Inx)@)
dx

.d_y_x+2

o +Inx
dx

u:(x+2):>d—u:1
dx

dv

V=Inx=>—==

dx

1

| Ina from first princip es the derivative of x° wit respectto X.
(b) (i) Find from first principles the derivative of x* with

Gy

dx

dv
u_

dx

2.0

X

y=Inx=

d
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6 (b) (i)

ProoF

y=x

FIrsT PRINCIPLES PROOF. If y = x® = j—y =3x%
X

y+Ay = (x+Ax)° = x° + 3x°Ax + 3x(AxX)? + (AX)°

dx

Ay = 3x*Ax +3x(AX)® + (Ax)* by subtraction

Ax—=0 AX

% =3x% +3xAX + (AX)? = a_ lim &Y = 352
X




6 (b) (i)

y = f(x) =sin* x+cos* x = (sin x)* + (cos x)* y=sinx= = =eosx]....... e

W _ 4(sin x)*(cos x) + 4(cos x)*(—sin x)
dx = Y
y=cosx= - =-sinx ... @
:%:4sin3xcosx—4cos3xsinx
X
— ﬂ = 45sin X cos )((sin2 X — COS? X) |sin2A=2sinAcosA | ... @
X
:%: 25in 2X(- €0 2X) cos2A=cos’? A—sin?A | . @
X
:>ﬂ=—23in2XC082X
dx
.'.d—y:—sin4x
dx
6 (c)
siny =3(1-x*)= y=sin"[$(1-x%)] i 1
- 1 y=sin? f(x)=—==—u=xf'(X) |...
2= — x£(-2X) dx  J1-f(%)
dx  1-[2@-x%)]
Jdy X
o A-Ra-P
. (ﬂ}z - X = X [Multiply above and below by 4.]
ldx) =R 1-3(-xP) |
. [ﬂ} I S
Tldx ) 4-(1-x%)?F 4-(1-2X0+x%)
:(d_vf S S .
dx 4-14+2x*—x* 3+2x*=x*

(dy jz 4x?
:> — -
dx (3=x*)(1L+x%)

4x? _a b
B=x)A+x>) 3-x* 1+x°
4x* _a@+x%)—b(3-x%)

TR B+

S Ax* =a(l+x*)-b(3—x%)

s Ax% =a+ax’ —3b+bx’

- 4x% = (a—3b) + (a+b)x* [This is an identity.]

sa-3b=0=a=3b
sa+b=4=3b+b=4=4b=4
s.b=1a=3




7 (a) Takex, = 3as the first approximation of a real root of the equation
x*—6x*+24=0.

Find, using the Newton-Raphson method, x,, the second approximation and write
your answer as a fraction.

(b) (i) Find the equation of the tangent to the curve
2x* -3y* =6
at the point (-3,-2).

2

2t . . dy
and Y =——2, find, as a fraction, the value of —— when t =3

N “ 3
(i) If 1+t? 1+t dx 4

(c) Let y:x—1+i1, XxeR, x#1.
X_

(i) Find the values of x for which ™ =0.

(it) For x real, show that y cannot have a real value between —2 and +2.
SOLUTION

7(a) )
Xn
nia = Xy _Txn) ....... @ STEPS
1. Write down f (x).
1. f(x)=x>-6x"+24 2. Do f'(x).
, 3. Substitute starting value X into
2. f'(x) =3x* —12x formula 16.
f 3% —6(3)% + 24 4. Repeat if asked.
30, =x 10 g (6@
f'(x) 313" -12(3)
x, =3_2/=>4+t24 4 3
27 —-36 -9
=X, = 3—1
3
X =3
7.(b) (i)
2x* -3y’ =6 Equation of tangent:
:>4x—6yd—y:0 m=1, point (-3, —2)
dx x—y+k=0
— ax=6y Y = (-3)-(-2)+k=0
ax =-3+2+k=0
dy 4x 2x B
=T Ta0 s k=1
dx 6y 3y
. (ﬂ] 2(=3) i Equation of tangent: x—y+1=0
dx )5 5 3(=2)




7 (b) (i)

dy
dy . dx - [dt)_d_y
Do ot first, then do & and then divide (dxj_dx
dt
dy (@+t?)2-2t(2t) 2+ 2t* —4t? du
o 2N2 = 22 u=2t=——-=2 du_ dv
@Y ) R I a4
2
d_y: 2-2t vel+tt = ot o Y
dt (L+t0)? dt
2 2 3 3
dx _ @+t (20 -(A-t)(@y) _-2-2t -2ty L du o
dt (L+t7)? (L+1%)7 dt
R v=tstt = Lo
dt . 1+0) at
2-2t°

dy
dy _dr _ (@+t?)° _ 2-2° (1+t%)°

dx  dx 4t (14t2)?2 T 4t
dt  (1+t%)?
dy 2-2t* t*-1

dx -4t 2t
( jtj

dy) -1
7 ()

dx 2(3)
1 1
y= x—1+—1 =x-1+(x-1

9

16

-1

Lt
(x-1)°

dy

3 =07 @ =1-

=

y=[f(I"= % =n[f )1 x £'(x)

1

- =0
(x=1)*

d—y:0:>1
dx

1
(x-1y
= (x-1)*=1
= (x-1) =41
Sx=0,2

=1




7 (c) (i)
e X_1+i1 [Multiply across by (x—1).]
X_

=>x-)y=(x-)(x-1+1
= Xy—y=x-2x+1+1

)
= 0=X"—2X—Xy+Yy+2 RememseR: If b? —4ac > 0= Real roots.
=0=x"—(y+2)x+(y+2) If b —4ac < 0= Unreal or complex roots.

b® —4ac <0

= (y+2)*-4()(y+2)<0
= (y+2)[(y+2)-4]<0
=(y+2)(y-2)<0

Solve (y+2)(y-2)=0=>y=-2,2

a=1
b=—(y+2)
c=(y+2)

— : 3

(-1)(-5) <0 (2)(-2) <0 ®)@) <0
5<0 -4<0 5<0
Wrong Correct Wrong

Therefore, y cannot have a real value between -2 and 2.




