DIFFERENTIATION & APPLICATIONS (Q 6 & 7, PAPER 1)

1996

(i)

X

(b) (i) Find

6 (a) Differentiate

1 (i) 46>+

Y it y=Invx*+1.

dx

(ii) Take x, =1 as the first approximation of a real root of the equation

x* —2=0. Find, using the Newton-Raphson method, X, and X, the second

and third approximations. Write your answers as fractions.

dx
2 _gern
dx

=Y _geixo]

REMEMBER IT AS:

X-axis

() (i) x=a(@+sing); y=a(l—cosO) where a is a constant.
Show .
y-axis
dy ? 5 14
1+| — | =sec”(¥).
(2 —see'ty
(it) [pq] is a chord of the loop of the
curve y® = x*(6—x) so that the
chord is parallel to the y-axis.
Calculate the maximum value of |pq|.
SOLUTION q
6 (a) (i)
2X
VZX—H u:2x:>d—u:2 ydu_ dv
dx ﬂ_ dx  dx e
dy (x+1)2-2x() 2x+2-2x dv X 7 |
== 2 = 2 V=X+1lo>—=1 X v
dx (x+1) (x+1) dx
Oy 2
Cdx (x+1)?
6 (a) (i)
y = 4e? y=ef(x):>%=ef(x’x 00 | o

Repeat the whole function x Differentiation of the power.




6 (b) (i)

1 Loc R
y=Inx? +1=In(x? +1)} = LIn(x? +1) [Use log rule No. 3] oo
3. Nlog, M =log,(M")
dx 2| X’ +1 y=nt0)= G =T F® [ O
ﬂ _ X REMEMBER IT AS:
dx  x*+1 - ... -
One over the function inside the log X Differentiation of function inside the log
6 (b) (ii)
f STEPS
Xoi =%, —% _______ @ 1. Write down f (x).
- 2. Do f'(x).
1. f(x)=x>-2 3. Substitute starting value x_into
, formula 16.
2. f'(x)=3x" 4. Repeat if asked.
3 6 =x 100 g 1O
f'(x) f'(1)
3 — f—
=, _(1) 22:1_1 2
3() 3
X, :1—ﬂ:1+1_ﬂ
3 & &
4
4 X3: 2 f;(XZ) Z%_ fr(i
f(x,) f'(3)
4)3 _
—x, %_(3) 22 91
37 72
6 (c) (i)
&)
Do 3—1/ first, then do ?j_)t( and then divide (g_)t(j:%
dt
y=a(l—cosf)=a—acosb
—af dy _
.-.%zasine y_smx:>&_cosx _______ e
x=a(@+sinf) =ab +asino y=cosx:>Q=—sinx ....... 6
dx dx
..—=a+acos6
do
dy g asind _ sinf

dx % a+acosfd 1+cosd




StEPS

right-hand side (RHS).

1. You have to prove that the left-hand side (LHS) equals the

2. Change everything to sine and cosine.
3. Simplify each side using page 9 of the tables and good algebra.

4. For half angles, 4: Let £=A=0=2A

Let 2= A=0=2A
LHS

( sin@ jg

1+

1+cosO

sin2A 2sin Acos A

=14+ ———— | =1+ 5 —
1+cos2A 1+cos® A—sin“ A

2sin Acos A]Z
2cos® A

sin AJZ

=1+

=1}

cos A

N2 2 N2,
sin® A cos” A+sin® A
cos® A cos® A
1
- 2

cos” A

6 (c) (ii)

The line pg passes through a points on the
x-axis, call it (k, 0). Therefore, the equation
of pq is x = k. To find p and q solve simulta-
neously the equations of the line and the
curve.

x=k =y’ =k*(6-k)

=1+

sy =1ky6-k
- p(k, k\6—K), q(k, —k\/6—K)
~.|pa|=D =2k+6-k

RHS
2(0
sec” (%
(2) secA= S
=sec’ A Bl
B 1
cos? A
y-axis
Py =x*(6-x)
x=k
k
X-axis
q

You need to maximise the distance function, D, with respect to k.

d—EzO:(Zk)(—%(G—k)%)+(6—k)%(2):0
s k
6-Kk):(2) =
= (6-k)*(2) 61}
— 2(6-K) =k
=12-2k=k=>12=3k
k=4

oDy =2(4)6-4 =82

&_ o
dx_udx+vdx """" e
u:2k:>d—u:
dx
v=(6-k)! = Y o16-K) (1)
dx




7 (3

(b)

(©

SoLUTION
7(a)

7(b) (i)

Find from first principles the derivative of x*> with respect to x.

The function f is defined

fix— (x=4){(x-3)*+4}.

Find

) @)

(if) the derivative with respect to x of the function at x = 3.
(iii) the equation of the tangent at (3, f (3)).

Show that the tangent and the graph of x — f (x) will both intersect the x-axis at
the same point.

. . 1 .
(i) Given tany = x, show % = m and hence, find %tan‘l X.

(i) An astronaut is at a height x km above the earth, as shown.
He moves vertically away from

the earth’s surface at a velocity

X
— of r km/h where r is the
dt 5

length of the earth’s radius.
He observes the angle 0 as shown.
Express x in terms of r and 0.

- do
Hence find E when x =r.

FIRsT PRINCIPLES PROOF. If y = Xt = g—y = 2X.
X

ProoF
Y+ Ay = (X+ AX)® = X* + 2XAX + (AX)®

y=x

Ay = 2xAx+ (AX)* by subtraction

.'.ﬂ:2x+Ax :ﬂ: Iimﬂ:ZX
AX dx x>0 Ax

f(x) = (x—4H){(x-3)* + 4}

= £(3)=

(B-4{(3-3)*+4}

L F@) =(-){4r=—4




7 (b) (i)

f(x)=(x—-4){(x-3)* +4} dy_ dv_du e
= f'(x) = (x—4)2(x-3)' @) +{(x—3)* + 4}() S

= f'(x) =2(x—4)(x—-3) +{(x—3)* + 4} ”

- £'(3)=2(3-4)(3-3)+{(3-3)* + &} u=(x-4)=_=1

= f'(3) =2(-1)(0) +{(0)* +4}=0+4 ) dv

- 1(3)=4 v={(x-3) +4}:>&_2(x—3)
7 (b) (iii)

Equation of the tangent T: m = 4, point (3, 4)

~T:4x—y+k=0

(3, -4)eT=4Q3)-(-4)+k=0

=12+4+k=0

= k=-16

~T:4x-y-16=0

Intersect x-axis: Puty =f (x) = 0.
T:y=0=4x-0-16=0

= 4x=16

- X=4= (4, 0) is the x-intercept.

f(X) =0= (x—4){(x—-3)* +4}=0

= (x-4)=0

~.X=4=> (4, 0) is one of the x-intercepts.
7(c) (i)

tany = x dy

y = tan x = —= =sec’ X
dx

= sec’ yxﬂzl
dx

dy 1 1 , ,
= —=—>"= 7 sec® A=1+tan” A=———
dx secy 1+tan“y cos® A

tany=x=y=tan"' X
1
1+tan®y

d
&(Y)=

1
1+x

d 4
— (tantx) =
- dx( ) 2




7.(c) (i)

STEPS

1. Write down rate of changes given.

2. Write down the rate of change to be found.

3. Write down a formula involving the non-time variables.

4. Differentiate this formula implicitly with respect to time (t).
5. Substitute in the numbers.

p
dt 5
2 99
dt
3.8iINO0=——=X+1r=——
X+r sin@
r
=S X=—-
sin@

= Xx=r(sing)™" —r

dx . do rcosé do d
4, == =—r(sin0)?(cosf) x — = — hadl —si ay _
o = T6iN0) (eos0)x - = —— o y=sinx= % =cosx | ...... (5 ]

r rcosd do deo sin’ 6
5, —= s 2

5 sin“@ dt dt 5co0s0
x=r:sing=—"—=1_59-30°

r+r 2

.de _ sin*30° D B)E 312
dt 5cos30°  5(B) B 4 5J3
do 1

Tdt 1043




