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DIFFERENTIATION & APPLICATIONS (Q 6 & 7, PAPER 1)

2005

6 (a) Differentiate with respect to x
() @+7x° (i) sin‘{%).

1-cosx

(b) Let y = .
1+cosx

Show that d_y:t+t3, where t = tan (Ej
dx 2

(c) The equation of a curveis y = Ll where x #1.
X —

(1) Show that the curve has no local maximum or local minimum point.
(i)  Write down the equations of the asymptotes and hence sketch the curve.

(iii) Show that the curve is its own image under the symmetry in the point of
intersection of the asymptotes.

SOLUTION

6 (a) (i)

_ n ﬂ_ n—l>< [
y=[fI' = 2 =nlf Q< 60 | (1]

y=1+7x)°=> % =31+ 7x)%(7) = 21(1+ 7x)?
X

6 (a) (ii)

y=sintf=>Po 1 ry | (9 ]

dx J1— f(x)?

y—Sinl(ij:ﬂ— ! . 1 1

5 dx m i 5\/1—% 5\/25£5X2 \/25_ 2

6 (b) -
THe QuoTient RuLe: If y = = then:

Use the quotient rule: y = 1= 08X .

1+cosx L dy
' i dy_dx ... (4]
N dy _ (1+cosx)(sin x) — (1—cos x)(=sin x) - =
dx (1+cos x)°

_sinx+cosxsin x+sinx—cosxsinx  2sinx
(1+cos x)° (1+cos x)*
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The second part of this question involves proving a trig identity.

You are required to prove that &by =t+t°=> 25|—nx2 —tan| 2 |+ tan®| 2
dx (1+cosx) 2 2

Deal with half angles: Let A=%= x=2A

LHS RHS
2sin2A _ 4sin Acos A tan A+tan® A=tan A(L+tan® A)
(1+cos2A)*  (1+cos® A—sin® A)? sinA 1
. , = tan A(sec’ A) = x—
_4sin Acos A 4sin Acos A CosA cos” A
(2cos? A)? 4cos* A sin A
sin A ~ cos® A
 cos® A
6 (c) (i)
. : dy _ . , , dy
Turning Point = rvin 0f....... @ To find the turning points set o 0 and solve for x.
X d Xx=11-x(1 1
yo XWX 1
x—=1 dx (x-1) (x-1)
. .. dy dy 1 .
Turning points: - =0= -2 =— ~=0=1=0 [There are no solutions and therefore,
dx dx (x-1)
no local maximum or minimum point.]
6 (c) (i) FINDING THE VERTICAL AsYMPTOTE: Put the denominator equal to zero.

FINDING THE HORIZONTAL AsYMPTOTE: Find lim y.

X—o©

How TO PLOT RATIONAL CURVES

STEPS

1. Find the vertical and horizontal asymptotes.

2. Build up a table by choosing two points to the left and two points
to the right of the vertical asymptote.

3. Plot the curves skimming along the asymptotes.

Vertical Asymptote: Put x—1=0=x=1 X y Point
_ . X X -1 3 (13
Horizontal Asymptote: limy =lim——=Ilim =1
ymp X—>o0 y x—w X —]  x—oo X(l_% 0 0 (0,0)
Asymptotes: x =1,y =1 VA 1 Asymptote
| 2 2 2,2
\
y=1 - 3 3 3 3)

A
v
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6 (c) (iii) A
Choose any point (x, y) on the curve and translate it \\
through (1, 1) to produce (X', y'). T s
X y)->@LY—>2-x2-y) < = i R
Replace x and y in the equation of the curve by e 2
2-x and 2-y. =1
y=—_=2_y= 27X g y=22X
x—1 2—-x-1 1-x
z_ﬂ: :2(1—x)—1(2—x):
1-x 1-x
2-2X-2+X _ —X — = X _y
1-x 1-x x-1

7 (a) Find from first principles the derivative of x* with respect to x.

(b) The parametric equations of a curve are:

x=8+Int’
y =In(2+t%), where t> 0.

: o dy .
() Find ™ in terms of t and calculate its value at t = /2.

(ii) Find the slope of the tangent to the curve xy?+y =6 at the point (1, 2).
y +y

(c) (i) Write down a quadratic equation whose roots are +/k.

u)®+k
(i) Hence use the Newton-Raphson method to show that the rule u,, = %

n

can be used to find increasingly accurate approximations for \/k.

(iii) Using the above rule and taking 3 as the first approximation for J3, find the
third approximation, as a fraction.

SoOLUTION
7(a)

Y+ Ay = (X+ AX)? = X* + 2XAX + (AX)?

y=x*

Ay = 2XAX+ (AX)? by subtraction

.'.ﬂ=2x+Ax :ﬂ: Iimﬂ=2x
AX dx -0 AX
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7 (b) (i)
()
d
ParamETRICS: DO Y first, then do d_x and then divide i:d_y
dt dt’ (de dx
dt
X =8+Int? :>%:2—2t:Z
dt t t
dy 2t
=In2+t’) = L=
y=In( ) dt  2+t?

= X —=
dx & 2 24¢% 2 2+t

(dyj W2 2 1

X ) 2+(2)F 2+2 2

7 (b) (i)
a7 _ dy dy g
y +y=6= x(2y)&+ y: (D) +1& =0 [Notice the product]

dy _
dx

dy

= 2Xy —+ Y + 2
dx

0= (2xy+1)d—y =-y
dx

2

Y
dx (2xy+1)

(yj 224 4
dX o, (M)Q2)+1) 4+l 5

7(c) (i)

Roots: /k, —k

Quadratic Equation: (x—vk)(x+vk)=0=x*-k =0

7(c) (i)

f STEPS
Xp =%, —% _______ @ 1. Write down f (x).
2. Do f'(x).
R ¢ 3. Substitute starting value x_ into
Forn =1 % =5 =50 formula 16.
f(x,) 4. Repeat if asked.

Forn=2: X, =X,

(%)
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f(x)=x"—k= f'(x)=2x
f(u)=(u,) -k and f'(u,)=2u,

u . =u — f(un) —u _(un)z_k_2(un)2_(un)2+k_(un)2+k
™ fru,) " 2u, 2u, 2u,

7 (c) (iii)

u=3 k=3

2

t3_a_71
2u, 20) 3 3 4

U — u,)’+3 (%)2+3_%+3XE_49+48_97

3

2u, 2) I 16 56 56




