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DIFFERENTIATION & APPLICATIONS (Q 6 & 7, PAPER 1)

2003

6 (a) Differentiate v1+4x with respect to x.

(b) Show that the equation x* —4x—2 =0 has a root between 2 and 3.
Taking x, =2 as the first approximation to this root, use the Newton-Raphson method

to find x,, the third approximation. Give your answer correct to two decimal places.
(c) The function £ (x) = 1L is defined for x e R\{1}.
—X

(i) Prove that the graph of f has no turning points and no points of inflection.

(if) Write down the reason that justifies the statement: “f is increasing at every value
of xe R\{1}.”

(iii) Giventhaty = x + k is a tangent to the graph of f where k is a real number, find
the two possible values of k.

SoLuUTION
6 (a)

_ n ﬂ_ n—l>< ’
y=[F0T =g =nf =00 | @

1 dy 1 2
=V1+4x =(1+4x)? => —==1(1+4x) ?(4) =
Y=l ax = L+ 40)! = 2 =11+ 407 (@) = ———

6 (b)
TESTFOR A ROOT, (¢, BETWEEN INTEGERS @ AND b:
1. Substitute in a: f (a)
2. Substitute in b: f (b)

If the sign of f (&) and f (b) are
different, there is a root between
aand b.

y=f(a)=-1

f(2)=(2)°-4(2)-2=8-8-2=-2<0

f(3)=(3)*-4(3)-2=27-12-2=13>0
Therefore, there is a root between 2 and 3.

f(x,) STEPS
X = X%, _TXH) ,,,,,,, @ 1. Write down f (x).
2. Do f'(x).
Forn=1: X, = — fx) 3. Substitute starting value x_ into
C f'(x) formula 16.
f(x,) 4. Repeat if asked.

Forn=2: X;=X%, - .
£ (%)
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f(x)=x"—4x-2= f'(x)=3x*-4

LI NP [ WP PR PP
f(x) ~ ') 32°-4 7 8
3 —_— . —
X, = x,— ) g5 1(2:29) _, o5 (2:25) —4(2:2)-2_, ,,
f'(X,) f'(2-25) 3(2-25)° -4
6 (c) (i)
. . dy _
F(x)= 1 _(1-x)" Turning Point = vl 0f..... @
1-x
' _ _ -2 _ — _ -2
= UP==l=g= =) =E=%, To find the turning points set Q:O and solve for x.
= f"(X)=-21-x)°(=D) =2(1-x)" dx
ﬂ=0:> ! >=0=1=0 Point of inflection :>d—¥=0 _______ @
dx (1-x) dx
Therefore, there are no turning points. e
> To find the point of inflection set ay_ 0 and
d7y 2 dx’
—=0 7=0=2=0
dx (1-x) solve for x.
Therefore, there are no points of inflection.
6 (c) (ii)
dy - :
dx = W >0 for all values of x except x = 1. Therefore, f is increasing at every value of
x except x = 1.
6 (c) (iii)

Tangent: y =x + Kk
Slope of tangent is 1.

d__1 -=1=1=(1-x)’=>+1=1-x=x=0, 2
dx (@-x)

1
y=iel=so—

x=0:y= f(x):ﬁzl andx=2: y= f(x)zﬁz_l

Therefore, a tangent of slope 1 exists on the function at (0, 1) and (2, —1).
Hence, you can find two values of k.

Point (0,1): y=x+k=1=0+k=k=1

Point (2, -1): y=x+k=>-1=2+k=>k=-3
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7 (a) Differentiate each of the following with respect to x:

(i) cos*x (i) sin*(2).

(b) (i) The parametric equations of a curve are:

X =cost+tsint
y =sint—tcost where 0<t<Z.

d
Find d_:(/ and write your answer in its simplest form.

. 11 1 . dy .
(i) Given that —+— ==, find the value of —= at the point (2, —3).
X y 6 dx

e d
(c) (i) Giventhat y=1In 1+ Xz for 0 <x <1, find d—i and write your answer in the
—X
X
form  Where k e N.
1-x

(if) Giventhat f (@) =sin(6 +)cos(@ —r), find the derivative of f(0) and express
it in the form cosn® where ne Z.
SOLUTION

7 (a) (i)
dy

y =cos’ x = (cos x)* = —_ 4(cos x)*(=sin x) = —4cos® xsin x
X

7 (a) (ii) - ;
y=sinf) > = <) | 9

dx \J1- f(x)?
y=sin‘1(gj:> dy !

N

1 1 1
5J1-£ 5JzX V25-%2

()
dx dt

d
ParRAMETRICS: DO =4 first, then do o and then divide -—<
t &)

[GI

7 (b) (1)

_dy
dt dx) dx

dt

y =sint—tcost :%:cost—{—tsint+cost}:tsint

. X . .
x:cost+tsmt:>(;—t:—S|nt+{tcost+5|nt}:tcost

dy & [
_yzﬁzm:tant
dx % tcost
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7 (b) (i)

1 1 1 a4 4
—+—:g:x +y =

Xy

|

2 2

72%3_£ dy:_y_—ﬂ

_ L dy _
~Ix?-1ly? 2L =0=>-x"= =—= =
= A Y y?  dx x*  dx

(ﬂj _ 9
dX )iz, _s) 2? 4

7(c) (i)

_ d_yzix !
y=Inf()=g=qosx 100 L. O

REMEMBER IT AS:

One over the function inside the log x Differentiation of function

STEPS

1. Using log properties break up the log function.
2. Differentiate each log.

3. Tidy up the algebra at the end.

2
1 y= |nG+ X J = y=In(l+x%)—In(l— x?)

d_y_ 2X N 2X
20 T 0+ x)  (1=x7)

dy _ 2x(@-x*)+2x(@+x%) _ 2x=2x"+2x+2x° _ 4X
dx 1+ x*)(1-x?) 1+ x*)(1-x%) (1-x")

7 (c) (ii)
f(0) =sin(6 + ) cos(6 — ) = sin(6 +180°) cos(6 —180°)

sin(0 +180°) = —sin® and cos(6 —180°) =—cosO [You can work these out by expanding
compound angles using the formulae on page 9 or by using ASTC and recognising them as

well-behaved angles.]
= f(0) =(-sinf)(-cosH) =sinO cosO = 3sin 20

- '(0) =3 (2co0s 20) = cos 20




