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CompLEX NumBERS & MATRICES (Q 3, PAPER 1)

SoruTions No. 3: DE MolvRe’s THEOREM

2006
3 (c) (i) Express —8—84/3i in the form r(cos@ +isino).

(ii) Hence find (~-8—8+/3i)®

(iii) Find the four complex number z such that z* = —8-84/3i. Give your answers in

the form a+bi, with a and b fully evaluated.
SoLuTION

3(c) (i)

STEPS

1. Find r =|z| =VRe’+Im? first.

2. Draw a free-hand picture to see what quadrant 6 is in.
3. Find @ from [tan 6| =|:=| and by looking at the picture.
4

. Write z=r(cos6 +isin®).

1. r=+/(-8)*+(-8V3)? =64+ 3x64 =16

2. Draw picture.

3. |tan6|= ¥‘=\/§:>9=60°
Angle is in third quadrant = 6 = 240° = 240° x d = &7
180° 3
4. z=16(cos +isin<x)
3 (c) (ii)
Use De Moivre’s Theorem: | (cos6 isinB)" =cosnd +isinnd | ,,,,,,, e

2° = (-8—84/3)° =[16(cos %z +isin 42)]’
=16%(cos4r +isin4r) = 4096(1+ 0i) = 4096
3 (c) (iii)

To find roots, write z in general polar form.

z =16{cos(*E + 2nz) +isin(4& + Znn)}:16{cos 4” - 6nﬂ +isin (—471 a0l j}

1 1 A +6nm ) . . 47r+6n7r 47r+6n7r . . (4r+6nrx
z* =16*{coSs| —— |+15SiIn +isin| ———
3 2 12
1 { (2ﬂ+3nnj .. (271'4—3”71’]}
= 7* =2{C0S T +1
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] n=0321=2{cos(%j+isin(%j} 2{cos60° +isin60°} = 2[%+£|]—1+f|
om) . . (5m o i 0
B n=1l=z, :2{005(?J+|5m(?j}:2{005150 +1sin150°}
=2{—co0s30° +isin30°} = 2(—£ %Ij——\/g+i
4\ . . (4n o i o
B n=2=1 :2{003(?j+|sm(?j}:2{003240 +1sin 240°}
=2{-c0s60° —isin60°} = 2(—%—£j ~1-/3i
B n=3=12-= 2{cos(%)+isin(%j} =2{c0s330° +isin330°}

=2{cos30° —-isin30°} = Zii—%lj—\@—i

Answers: 1++/3i, —/3+i, ~1-/3i, /3

2005
3(c) (i) z=cosO+isinO. Use De Moivre’s theorem to show that z" +in =2cosno, for
z

neN.

4
(i) Expand (z+£j and hence express cos® @ in terms of cos46 and cos 26.
z

SoLUTION

3(c) (i)
z" +in= 2" +2" =(cosO +isin@)" + (cosO +isinH)™"
z

= (cosné +isinnd) + (cos(—nO) +isin(—nd)) = cos nd +isin nd + cos nd —isin no
=2co0snd

3 (c) (ii)

4 2 3 4
(z+1j :z4+423(£j+622£1j +4z3[l] J{EJ
z z z z z
4
:>(z+l] :z4+422+6+4(%j+[%j
z z z
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4

:>(z+1j :(z4+i4j+4(22+i2j+6
z z z

Using the result in part (i):

= (2¢0s0)* = (2c0s40) +4(2c0s20) +6

= 16c0s" 0 =2c0s40 +8c0s 20 + 6
= cos* 0 =1 (cos40 +4¢0s 20 +3)

2004
3M) ) z = cos?ﬂﬂsin%r and z, = cos%+isin%. Evaluate z,z,, giving your
answer in the form x+iy.

SoLuUTION

RULES FOR COMBINING OBJECTS IN POLAR FORM

1. (cos A@isin A)(cos B @isin B) = cos(A+ B) +isin(A+ B)

dr . . Anm .. T
Zl=COS?+ISIn? and z, =cos§+|sm—.

Adr w)\ .. (4n =& 57\ .. (5«
= 7,2, =C0S| — +— |+isin| —+= |=cos| — |+isin| —
3 3 3 3 3

3
=c05300° +isin300° = cos60° —isin60° =1 — &

2003

3(c) 1, w, »° are the three roots of the equation 73 _1=0.

(i) Provethat 1+ w+®? =0.

(i) Hence, find the value of (1-w—w?)°.

SoLuTioN
3(c) (i)
’=1=z=01+ Oi)% = (cos2nzx +isin 2nn)% = cos(znTﬂJ+ isin (ZnTﬂj

n=0=z,=cos0’+isin0° =1

n=1= 22:cos(%ﬂ)ﬂsin(%j:cosuw+isin120°:—00360°+isin60°:—%+§i

4 A F 4z @ o RF o ® R-A o 1 3
n=2=2z,=C0S 3 +isin 3 =08 240° +1isin 240° = —c0s60° —isin60° = — 5 — i
These 3 roots are called 1, o, o”.

Aro+o’=1

1, 3i 1 ABi_
_E+TI_§_TI_O
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3 (c) (ii)
lto+0’=0=1l=-0-0
L(lmo-0?) =2°=32

2

2002
3 (a) Express —1++/3i in the form r(cos® +isin0), where i* = 1.

SOLUTION
3(a)

STEPS

1. Find r =|z|=vRe’+Im?* first.

2. Draw a free-hand picture to see what quadrant 6 is in.
3. Find @ from [tan 6| =|:2| and by looking at the picture.

4. Write z =r(cos@ +ising).

1 22148 = r=f2]= 07+ (B =2

2. Draw a picture.

NE

3. tan® =|"|=/3=0=60° (First quadrant)

o 2
5.0=120° = ?ﬂ (Second quadrant)

4. .z=2(cosZ+isinZr)




