
3 (a) z a bi1 = +  and z c di2 = + ,  where i2 1= − .

Show that z z z z1 2 1 2+ = + ,  where z  is the complex conjugate of z.

(b) Let A =
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(i) Express A3 in the form 
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⎛
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⎜
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⎟ ,  where a b, .∈Z

(ii) Hence, or otherwise, find A17.

(c) (i) Use De Moivre’s theorem to prove that sin sin sin .3 3 4 3θ θ θ= −

(ii) Hence, find sin .3θ θd∫
SOLUTION

3 (a)

COMPLEX NUMBERS & MATRICES (Q 3, PAPER 1)

2009

Re Im Re Im+ = −i iz z

a bi c di

a c b d i
a c b d i

1 2+

= + + +

= + + +
= + − +

( ) ( )
( ) ( )

z z

a bi c di
a bi c di
a c b d i

1 2+

= + + +
= − + −
= + − +( ) ( )

A

A

=
−⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

=
−⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

−⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

=
− −

1
2

1 3

3 1

1
4

1 3

3 1

1 3

3 1

1
4

2 2 3

2 3

2

−−

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

=
− −

−

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2

1
2

1 3

3 1

A A A

A

3 2

3 1
2

1 3

3 1
1
2

1 3

3 1

1
4

4 0
0 4

= ×

=
−⎛

⎝
⎜⎜

⎞

⎠
⎟⎟×

− −

−

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

=
−

−
⎛

⎝
⎜

⎞

⎠
⎟

==
−

−
⎛

⎝
⎜

⎞

⎠
⎟

1 0
0 1

LHS RHS

3 (b) (i)

(© Tony Kelly & Kieran Mills)



A A A17 2 15

15
1
2

1 3

3 1

1 0
0 1

1
2

1 3

3 1

= ×

=
− −

−

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
−

−
⎛

⎝
⎜

⎞

⎠
⎟

=
− −

−

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟⎟

−
−

⎛

⎝
⎜

⎞

⎠
⎟

=
− −

−

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟
−

−
⎛

⎝
⎜

⎞

⎠
⎟

=

( )
( )

1 0
0 1

1
2

1 3

3 1

1 0
0 1

1
2

1 3

15

15

−−

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟3 1

D
a

b
D

a
b

a
b

n
n n

n=
⎛

⎝
⎜

⎞

⎠
⎟ ⇒ =

⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟

0
0

0
0

0
0

(cos sin ) cos sinθ θ θ θ± = ±i n i nn

3 3
3 1 3
3 4

2 3

2 3

cos sin sin sin
( sin )sin sin sin
sin sin

θ θ θ θ

θ θ θ θ

θ

− =

− − =

− 33 3θ θ= sin

(cos sin ) cos sin
cos cos ( sin ) cos ( sin )

θ θ θ θ

θ θ θ θ θ

+ = +

+ +

i i
i i

3

3 2

3 3
3 3 22 3

3 2 2 2 3

3 3
3 3

+ = +

+ + +

( sin ) cos sin
cos cos sin cos sin s

i i
i i i

θ θ θ

θ θ θ θ θ iin cos sin
cos cos sin cos sin sin cos

3

3 2 2 3

3 3
3 3 3

θ θ θ

θ θ θ θ θ θ

= +

+ − − =

i
i i θθ θ

θ θ θ θ θ θ θ θ

+

− + − = +

i
i i

sin
cos cos sin ( cos sin sin ) cos sin

3
3 3 3 33 2 2 3

3 4 3
3 3 4

3 3

3

3

1
4

3

sin sin sin
sin sin sin
( sin sin ) sin

θ θ θ

θ θ θ

θ θ θ

− =

− =

− =

sin ( sin sin )

cos ( cos )
cos

3 1
4

3
4

1
4

1
3

3
4

3 3

3

θ θ θ θ θ

θ θ
∫ ∫= −

= − − × − +

= −

d d

c
θθ θ+ +1

12 3cos c

3 (b) (ii)

3 (c) (i)

Line up the imaginary parts:
cos sin2 21θ θ= −

3 (c) (ii)

sin( ) cos( )ax b dx ax b ca+ = − + +∫ 1
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