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ALGEBRA (Q 1 & 2, PAPER 1)

2011

x+1_x—1_ 4
x-1 x+1 x*>-1

1 (a) Simplifyfully

(b) (i) Prove the factor theorem for polynomials of degree 2.

That is, given that f (x) = ax® + bx +c and k is anumber such that f (k) = 0, prove
that (x — k) is a factor of f (x).

(i) The factor theorem also holds for polynomials of higher degree.
Find the values of n for which (x + k) is a factor of the polynomial

g(x)=x"+k", where k = 0.

(c) (x—a)*isafactor of 2x> —5ax? +8abx —36a, where a 0.
Find the possible values of aand b.

SoLUTION

1(a)
x+1 x-1 4 Factorise denominators first.
x—1 x+1 x2-1 Get the lowest common denominator (LCD).
X+1 x-1 4

T (x=D)  (x+) (x+1)(x-1)
C(xX+D(x+D) - (x-D(x-1)-4
(Xx+1)(x-1)
X2 +2x+1-x*+2x-1-4
N (X+1)(x-1)
_ 4x-4
C(X+D)(x-1)
4 (x~<Ty
T (x+1) (-1
4

X+1
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1(b) (i)
Proor oF FAcTOR THEOREM FOR A CuBic
f(x) =ax® +bx* +cx+d
f (k) = ak® +bk® +ck +d
()= fk)=a(x® —k*) +b(x* —k?) +c(x—k)
= (x—k){ax® + akx +ak® + bx + bk +c} = (x —k)g(x)
S f) = (k) +(x—k)g(x)
(i) f(k)=0= f(x)=(x-k)g(x) .. x—k isafactor.
(ii) x—k isafactor = f (k) =0.
1 (b) (ii)

If (x + k) is a factor = x =—k isaroot.
2g(=k)=0=(-k)"+ (k)" =0.
This is only true if n is an odd natural number.

1(c)

Acubic is a quadratic multiplied by a linear.

The first term in the cubic equals the first term in the quadratic multiplied by the first term in the
linear.

Also, the last term in the cubic equals the last term in the quadratic multiplied by the lastterm in
the linear.

2x° —5ax® +8abx —36a = (x* — 2ax +a*)(2x - &)

2x° —bax® +8abx —36a = 2x° — £ x* — 4ax® + 72x + 2a’x — 36a

2x° —5ax® +8abx —36a = 2x° + (—4a—L)x* + (2a* + 72) — 36a

Line up the coefficients.

-Sa=-4a-% 2a’ +72 =8ab
$=a a’+36 = 4ab

36=a’ 2’ +36

sa=16 4a

(6)°+36 _72 _,
46) 24

e p_ (6436 _ 72

4(-6)  -24

a=6=b=

a= =-3
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2. (a) Solve forx: [2x—1| <3, where x e R.

(b) a and 1 are the roots of the quadratic equation 3kx* —18tx + (2k +3) =0,
o

where t and k are constants.

(i) Findthe value of k.

(ii) Ifone of the roots is four times the other, find the possible values of t.

(c) Let f(x):Z;

, Where ais a constant.
X" —6Xx+a

(i) Provethatifa=13,thenf(x)>0forall xeR.
(i) Provethatifa=13,thenf(x)<1lforall xeR.

(ii1) Find the range of values of a such that 0 < f (x) < 1, forall x € R.
SOLUTION
2 (a)
Solve the equality:
|2x-1|=3=2x-1=43
2X—-1=3=>x=2
2X-1=-3=>x=-1
Do the region test:

— |l — (2| ——
-2 0 3
2(-2)-1<3 2(0)-1<3 12(3)-1 <3
Wrong Correct Wrong

Region Test on| [2x -1/ <3

S=1<x<3

..... Test Box
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2 (b)
3kx® —18tx + (2k +3) =0

1
Roots: o, —
o

S:a+

-18t _ 6t SumS:a+ﬁ:—§:

_2 nd.
15{.

3k  k

P:ax—= =1

ProductP: off = O
3k 3k a

1

o

1 2k+3 . 2k+3
- =

rd.

151.

2(b) (i)
Solve the product (P) equation for k:

l:2k+3
3k
3k=2k+3

o k=3

2 (b) (i)
3kx? —18tx + (2k +3) =0

Roots: «, i and «, 4a
(04

16t

Sio+—= “2t....(i)
(04

S:a+4a:—2t:>5a:—2t:>a:—%

Substitute the value for a into equation (i) and solve for t:

2t 5 .
(_€J+(_§i}:—mm(0@_1m)

4t% + 25 = 20t°
25 =16t

25 _t2
16_t

ct—45
St=%$
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2(c) (i)

F(x) = 1 [Prove the expression on the bottom is greater than zero, i.e. positive.

x> —6x+13 Oneovera positive number is also a positive number.]

x* —6x+13
=(x*-6x+9)+4
=(x-3)’+4>0forall xeR
. f(x)>0forall xeR

2 (c) (i)

X —6x+13<1

= (x-3)°+4<1

= (x—3)* <=3  [Thisisimpossible which means that the bottom expression is

- x2_Bx+13>1 OJreaterthanl.
The reciprocal of a number greater than 1 is always less than 1.

= eyl Therefore, f (x) <1.]

2 (c) (iii)

For what values of a is the f (x) > 0?
f(x)>0

x> —6x+a>0

x*—6x+9+(@-9)>0

(x=3)*+(@-9)>0
(@a-9)>0=a>9

For what values of ais the f (x) <1?

f(x)<1

X’ —6x+a>1

x> —6x+9+(a—9)>1

(x=3)?+(a-9)>1

(x—3)*+(a—-10)>0
(a-10)>0=a>10

ANSwWER: a> 10




