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CompLEx NumseRs (Q 4, PAPER 1)

LEessoN No. 6: EQuaTIions |

2007
4 (b) Let z=5-3i.
(i) Plotzand —z on an Argand diagram.

(i) Calculate [z-1].

(iii) Find the value of the real number k such that ki + 4z = 20.
SoLuTIoN

4 (b) (i) .
2=5-3i 5+3i
—z=-5+3i J
Re
-5 5
-3 5-3i
4 (b) (ii)

Finding the modulus:

z=a+bi=|z[=Va’+b* |....... e

|21 =|5-3i-1| =|4-3i|
=J(#)?+(-3)* =V16+9=+25=5
4 (b) (iii)

For all equations you can equate (set equal) the real parts and
the imaginary parts.

ki+4z =20

= ki+4(5-3i)=20
= ki+20-12i=20
= ki-12i=0

=0+ (k-12)i=0+0i
~k=12=0= k=12
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3-2i
4 (c) (i) Express 1 ai in the form x + yi.
(if) Hence, or otherwise, find the values of the real numbers p and g such that
. 17(3-2i)
+2qi =———=.
Pt

SOLUTION

4 (c) (i)

Division: Multiply above and below by the conjugate of the bottom.

14 [Multlply above and below by the conjugate of the bottom.]

(3 2|) @+4i)
T (1-4i) (1+4|) [Multiply out the brackets.]

3+12i—2i-8i°
= Tidy up using the fact that i? = —1.
1+ 4i—4i_16i7 L0y upusing "=-1]
3+10i+8 11+10i
= 116 = 17 [Divide the 17 into each term on top.]
11 10.
==+
17 17
4 (c) (ii)
For all equations you can equate (set equal) the real parts and
the imaginary parts.
. 17(3-2i)
+2Ql =——+~
AT
— p+ 2] :17(11+10|)
17

= p+2qi=11+10i [Equate the real parts and the imaginary parts.]
~.p=1land 2q=10=q=5
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4 (c) Let z=1-2i.
(i) Write down Z, the complex conjugate of z.

(if) Find the real numbers k and t such that
kz +1Z =272

SoLUTION

4 (c) (i)

Working out the conjugate: | z=a+bi=7Z=a-bi |....... o

2=1-2i=7=1+2i

4 (c) (i)

For all equations you can equate (set equal) the real parts and
the imaginary parts.

kz+tZ =22 = k(1-2i) +t(1+2i) = 2(1-2i)*> [Multiply out the brackets.]

= k —2ki +1t + 2ti = 2(1-4i + 4i®) [Gather up the real and imaginary parts on the left.]
= (k+t)+(2t—2k)i=2(1-4i—4)

= (k+t)+ (2t — 2k)i = 2(-3—4i)

= (k+1)+ (2t —2k)i =-6-8i [Equate the real parts and the imaginary parts.]
Equating the real parts: k +t =-6....(1)

Equating the imaginary parts: 2t —2k =-8=t-k =—4....(2)

Solve Equations (1) and (2) simultaneously.

t+k=-6..(1)
t—k=—4...(2)
2t =-10=t=-5

Substitute this value of t into Egn. (1): (-5)+k=-6=k=-6+5=k=-1
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4 (c) Let z,=5+12i and z,=2-3i.

(i) Find the value of the real number k such that |z,| =k |z,|.

(if) pand g are real numbers such that

z :
—=p(a+i).
Z2
Find the value of p and the value of g.
SOLUTION
4 (c) (i) Finding the modulus:

z=a+bi=|z[=Va’+b? | ... e

12, = k|2,| = [5+12i| = k|23

= /(5)* + (12)* =k+/(2)* +(-3)*

— J25+144 =k/4+9

— 169 = k13

13
:>13_k\/173:>k—ﬁ—\/ﬁ
4 (c) (ii)

Division: Multiply above and below by the conjugate of the bottom.

) . 5+12i ,
—=p@+i)=—-—=pq+pi
z, 2-3i

N (G+12i) (2+31) _ pq+pi  [Multiply the left hand side above and below by the

(2-3i) ~ (2+3i) conjugate of the bottom.]
= 10+15'_+ 21_“ +:_326|2 = pg+ pi [Tidy up the left hand side using the fact that i* = -1.]
4+ 61 —61—-9i
- 10+391-36 _ bq -+ pi
4+9
N —26+39i _ 0+ pi
13

= —2+3i= pq+ pi [Equate the real parts and the imaginary parts.]

For all equations you can equate (set equal) the real parts and
the imaginary parts.

Equate the imaginary parts: .. p=3
Equate the real parts: .. pq=-2= (3)g=-—2=>0=-%
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4 (c) Letw=1+1.

N
(i) Simplify W
(if) aand b are real numbers such that

a[gj—b(wﬂ) =3(wW+1).
w

Find the value of a and the value of b.
SoLuTION

4 (c) (i)
Working out the conjugate: | z=a+bi=Z=a-bi |....... o

Division: Multiply above and below by the conjugate of the bottom.

il
T

zlo

(16 5 8 '; [Multiply above and below by the conjugate of the bottom.]
+i [

_ 6-6i
Cl-i+i-i’
_6-6i 6-6i
141 2
=3-3i

4 (c) (i)

[Tidy up using the fact that i? = —1.]

a(g]—b(wﬂ) =3(W+i)
W

= a(3-3i)-b@+i+1)=31+i+i)
= a(3-3i)—b(2+i)=3@1+2i)

= 3a—3ai—2b—Dbi =3+6i

= 3a-2b+(-3a—h)i =3+6i

For all equations you can equate (set equal) the real parts and
the imaginary parts.

Equating the real parts: 3a—2b=3...(1)
Equating the imaginary parts: —-3a—b =6...(2)
Solve the equations (1) and (2) simultaneously.

3a-2b=3..(1) 3a-2b=3
“3a-b =6..(2)(x-2) | 7| ba+2b=-12
9a =-9=a=-1

Substitute this value of a into Eqgn. (1): 3(-1)-2b=3=-3-2b=3=-2b=6=b=-3




(© Tony Kelly & Kieran Mills)

2001
4 (b) Solve
(x+2yi)[L—-1)=7+5i
for real x and for real y.
SOLUTION

For all equations you can equate (set equal) the real parts and
the imaginary parts.

(x+2yi)d—1)=7+5i [Multiply out the brackets.]

— X—Xi+2yi—2yi? =7+5i [Tidy up using the fact that i* =-1.]

= X—Xi+2yi+2y=7+5i [Gather up the real parts and the imaginary parts.]
= (X+2y)+(-x+2y)i = 7+5i [Equate the real parts and the imaginary parts.]

Equating the real parts: x+2y=7...(1)

Equating the imaginary parts: —x+ 2y =5....(2) x+2y=7..(1)
Solve equations (1) and (2) simultaneously.

Substitute this value for y into Eqn. (1): ﬂ..@)
X+2Q3)=7T=>x+6=7=x=1 4y=12=y=3
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4 (c) Letz=2+4i.
(i) Expressz?+ 28 in the form p + gi where p, geR.

(it) Solve for real k
k(z® +28) =|z|(1+i).

Express your answer in the form % where a, be N and a is a prime number.
SOLUTION

4 (c) (i)

72 +28=(2+4i)*+28

= (2+4i)(2+4i)+28 [Multiply out the brackets.]
=4+8i+8i+16i* + 28 [Tidy up using the fact that i = —1.]
=32+161-16

=16+16i R
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4 (c) (i)
For all equations you can equate (set equal) the real parts and
the imaginary parts.

k(zz +28) = |Z|(1+ i) Finding the modulus:

— K(L6+16i) = |2+ 4i (L+ i) z=a+bi=f]=Va 0 |..... @)

= 16k +16ki = /2% + 4% (1+1)
— 16k +16ki =+/20(1+1)
— 16k +16ki = +/20 ++/20i

Equate the real parts: 16k = V20 = k = 1£60 = % = %

1999

4 (c) Letw=i-2.
Express w? in the form a+bi, a, beR.
Hence, solve

kw? = 2w+ 1+ ti
for real k and real t.

SoLuTioN

w=i-2=>w =(i-2)>=(i-2)(i—2) [Multiply out the brackets.]
=i —2i—2i+4 [Tidy up using the fact that i* =—1.]

=—1-4i+4

=3-4i

For all equations you can equate (set equal) the real parts and
the imaginary parts.

kw? = 2w +1+ti

= k(B-4i)=2(1—2)+1+ti

= 3k—-4ki=2i—4+1+ti

= 3k —4ki =-3+ (t+2)i [Gather up the real parts and the imaginary parts.]

Equate the real parts: 3k =—3=k =—-1
Equate the imaginary parts: -4k =t+2= -4(-)=t+2=>4=t+2=>t=2
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4 (c) Letu=2-1i.
(i) Express u+< inthe form a+bi, a, beR.
(if) Hence, solve
k(u+1)+ti=18
for real k and real t.
SoLUTION
4(c) (1) Working out the conjugate: | z=a+bi=zZ=a-bi |....... o
Division: Multiply above and below by the conjugate of the bottom.
u+ 1 =2-i+ i
u 2—-i
=2- L_x @ [Multiply above and below by the conjugate of the bottom.]
(2-1) (2+1)
=2—-i+ L [Multiply out the brackets.]
442i—2i—i°
=2-1i +2_+i =2-Ii +2_+i [Tidy up using the fact that i? = —1.]
4+1 5

=2-i+£++i [Divide the 5 on the bottom into each term above.]
=2-2i [Add the real parts and the imaginary parts.]

4 (c) (i)

For all equations you can equate (set equal) the real parts and
the imaginary parts.

k (u + %j +1i =18 [Write 18 as a complex number.]

= k(% -2i)+ti=18+0i

= 2k —2ki+ti =18+0i

= 2k +(—£k+1t)i =18+0i [Gather up the real parts and the imaginary parts.]
Equating the real parts: 2k =18 >k =18x3 =%

Equating the imaginary parts: —¢k+t=0=-2(2)+t=0=>-6+t=0=1t=6
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4 (c) Letz=1+iandlet Z be the complex conjugate of z.

Express é in the form x+vyi, X, yeR.
Z

Z .
Hence solve k (:j +1tz=-3-4i
Z
for real k and t.
SOLUTION
Working out the conjugate: | z=a+bi=Z=a-bi |....... o

Division: Multiply above and below by the conjugate of the bottom.

z=1+i=>7=1-i

é = F [Multiply above and below by the conjugate of the bottom.]
4

@iy (@)

T i) @+
Cl+itii?
Cl+i—i—i?
_1+2i-1 2
141 2
—1=1+0i

[Multiply out the brackets.]

[Tidy up using the fact that i* = —1.]

For all equations you can equate (set equal) the real parts and
the imaginary parts.

k(éjﬂz =-3-4i
4

= k@) +t(Ll+i)=-3-4i
= k+t+ti=-3-4i
= (k +t) +ti =-3—4i [Gather up the real parts and the imaginary parts.]

Equate the imaginary parts: t = —4
Equate the real parts: k +t=-3=>k-4=-3=k=1
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4 (b) Let w=(1-3i)(2+1).
Express w in the form p+qi, p, qeR.
Verify that
W+ W] =|w-Ww,
where W is the complex conjugate of w.
For what value of a is

W
— =aw,
21

where ae R?

SoLuTioN

w=(1-3i)(2+i) [Multiply out the brackets.]

=2+i-6i—3i% [Tidy up using the fact that i = —1.]
=2+i—6i+3  [Add the real parts and the imaginary parts.]
=5-5i

Working out the conjugate: | z=a+bi=Z=a-bi |....... o

Finding the modulus: | z=a+hi=|z|=+va’+b® |...... 9

w=5-5i=>W=5+5i

LHS LHS

|w+ W] lw—w|

=|5-5i +5+5il = [5—5i —5-5i|

= |10+ 0| =|0-10i|

— 102 + 02 = /0% + (-10)?> =/0+100
=100 =10 =+/100 =10

For all equations you can equate (set equal) the real parts and
the imaginary parts.

=aw

NS

5+_5| _ a(5-5i)
2i
e M X1 =5a - 5ai
2i i
L
- % =5a—5ai [Tidy up using the fact that i’ = -1.]
5i -5 _ _ _
-5~ 5a-5ai [Multiply both sides by -2.]

U

= 5i —5=-2(5a—5ai)
—5+5i =-10a+10ai

Equate the real parts: -5=-10a=a==5=1%




